Bayesian Inverse Problem with Denoising Diffusion
model priors

Yazid Janati El Idrissi, Eric Moulines
CMAP, Ecole polytechnique

Jjoint work with Gabriel Cardoso (CMAP), Sylvain Le Corff (LPSM)

1/63



Introduction



We have a dataset Dy := {X*!,..., XV}, where X* € R%.

Figure 1: Samples from the ImageNet dataset.
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We have a dataset Dy := {X*!,..., XV}, where X* € R%.

Figure 1: Samples from the ImageNet dataset.

Modeling assumption

(X1,..., XN) are samples from some unknown distribution 7.t
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@ Approximate mgata With a parametric model.
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Figure 2: data distribution.
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@ Sample reconstructions from the posterior distribution.

Y Samples from #( - |Y)

Figure 3: Reconstruction problems. Figure adapted from Lugmayr et al.
(2022).
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@ Approximate Tqac. With a parametric model p”.

Ackley et al. (1985); Kingma and Welling (2013); Goodfellow et al. (2014); Rezende
and Mohamed (2015); Sohl-Dickstein et al. (2015); Ho et al. (2020); Song et al.
(2021b)
5/63



@ Approximate Tqac. With a parametric model p”.

Choose a suitable parametric form for p?.

Ackley et al. (1985); Kingma and Welling (2013); Goodfellow et al. (2014); Rezende
and Mohamed (2015); Sohl-Dickstein et al. (2015); Ho et al. (2020); Song et al.
(2021b)
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@ Approximate Tqac. With a parametric model p”.

Choose a suitable parametric form for p?.

Train p? to approximate 7 using the samples (X', ..., XN ~ .
N
L(0) = —logp’(X").
i=1

~+ Minimize £(#) — find optimal parameter 6.

Ackley et al. (1985); Kingma and Welling (2013); Goodfellow et al. (2014); Rezende
and Mohamed (2015); Sohl-Dickstein et al. (2015); Ho et al. (2020); Song et al.
(2021b)
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@ Perform controlled generation using p”~.

~» Target distribution: weight p?« with a function z + g(z)
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@ Perform controlled generation using p”~.

~» Target distribution: weight p* with a function = — g(z)

g(z)p’ (dz)

D T

~» Posterior sampling: g(z) = p(y|z).

~> Reinforcement learning: g is a reward function.
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Denoising diffusion models



m A denoising diffusion probabilistic model (DDPM) makes use of two
Markov chains:

a forward chain (process) that perturbs data to noise,
a reverse chain (process) that converts noise back to data.

m The forward chain is typically hand-designed with the goal to
transform the data distribution 7gat. into a (simple) reference
distribution et (e.g., standard Gaussian)

m The backward chain reverses the forward chain by learning transition
kernels.

m New data points are generated by first sampling a random vector
from the reference distribution, followed by ancestral sampling
through the backward Markov chain.

7/63



m Given a data distribution g ~ Tgata(dxo) = go(dzp), the forward
Markov chain generates a sequence of random variables z1,zs ...z
with transition kernel q;;_1 (dz¢ [ 2¢—1).

m The joint distribution of =1, x5 ...z conditioned on z(, denoted as
qo.r (d(z1,...,27) | o), may be written as

go:r (d(z1,. .., z7) | Z0) Hch&— (dzt | 24-1) -

m In DDPMs, we handcraft the transition kernel gy (dz | 2;-1) to
incrementally transform the data distribution ¢o (dxo) into a
tractable reference distribution.

m Typical design: Gaussian perturbation

Qeje—1 (T | 20-1) = N (ﬁt; V1- /3t$t—1,/3’t1) ,

where 3; € (0,1) is a hyperparameter chosen ahead of model
training.
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m Gaussian transition kernel allows us to obtain the analytical form of
qrjo (¢ | o) for all £ € {0,1,--- ,T}. Setting a;y :== 1 — f3; and
a; == ['_, as, we have

@0 (x4 | w0) =N (w45 VAo, (1 — @) I) .

m Given zy, we can easily obtain a sample of z; by sampling a
Gaussian vector ¢, ~ N(0,1) and applying the transformation

Tt = +/ O_lth'() + 1-— Q1 €.
m When ar ~ 0, 27 is almost Gaussian in distribution,

() o= / i (5 || ) () Bt 2 0 (g @ 1)
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m For generating new data samples, DDPMs start by sampling the
reference distribution and then gradually remove noise by running a
learnable Markov chain backward in time.

m The reverse Markov chain is parameterized by a reference
distribution et (z7) = N (27;0,1) and a learnable transition kernel

Py _ap (@i | @) = N (woa; 0 (1), 27 (w0))

where @ denotes model parameters, and the mean 1 (z;) and
variance XY (x;) are parameterized by deep neural networks.
m Data generation
m Sample zp ~ Tt (+),

m iteratively sample x¢—1 ~ P?71|t (-] z¢) until t = 1.
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D(‘stru( (mg data by adding noi:

Probability of perturbed data

One denoising step

Figure 4: Diffusion models smoothly perturb data by adding noise, then
reverse this process to generate new data from noise.
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m Objective: Adjust the parameter § so that the joint distribution of

the reverse Markov chain

T
png (Z0,T1,++ ,TT) = Pret(2T) prfut(mt% | )
t=1
matches
T
qo:7 (Zo, 21, ,@71) = qo (o) H Gje—1 (@t | Te—1)
t=1

m Training is performed by maximizing a variational bound:

0
~logp’ (v0)] < Eg, [_113”(@}
0 [ gp ( 0)] — ~qo:T gQ1;T|0 (l'l:T | xo)

P e (Te-1 | 1) .76

=K., |—logpr (z7) log———~
o ; qtjt—1 (ze|Te-1)
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m L% might be rewritten using the backward representation of the
forward noising process

qr.7i0(%1:7]|%0) = Hqt\t 1(zt]Te—1)

T

= QT\0($T|$0) H Qt—1|t($t71|$ta )
t=2

m With this backward decomposition LY writes

—log Zl pt 1|t xt 1‘{1&)

L°=E
CIT|0 xrT | xo qt—1|t,0 (xt 1 \ $t7l‘0)

q90:T

flogpg‘l (o | xl)]

= Eqp.r [Dxr (qr0 (- | 20) llp7 (1))

T
+> D (Qtfut,o (- | @, %0) IPY—1}e (- | mt)) —log poj1 (o | -”L'l)}

t=2
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m forward posteriors are tractable when conditioned on z :

G-1jt,0 (Te—1 | T, 20) =N (%4;[% (¢, 20) ,Btl)
V- 15t ot Vor (1 —ae_q)

where 1, (z¢,%0) := t

1 7Oéf 1 *O_{t
and ﬂt = — Q- IBt
1 — Q¢

m KL divergences are comparisons between Gaussian distributions with
closed form expressions: taking X0 (z;) = 31,

1.
l)K[A<Qt—1HJ)C \It»Io)pr—1u ( |It)> ::52;|Ultﬂft,$o)‘*ﬂf(xt)ﬂz
t
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m Setting

pi () = fie (e, Bg) (1)),

we get
Dict. (1110 - | 2, 20) 60110 - | ) = wellzo = 86 (0)|1

with Wy = at—lﬂt/(l — O_ét_l)(l — C_Yt).

m Hence, criterion LY rewrites
I
L% = wiqenonllee — &, (Vamwe + VI —aze)|’]
t=2

which amount to compute fcglt(xt) as a predictor of the initial state
xo from the current state x;.

m This criterion is the denoising score matching.
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m Using that x; = \/ayzo + /1 — €, we have

— 1-— tht)

m Choosing iglt(:z:t) = (1/v/ag) (e — V1 — 5ét€8|t(ft)), the criterion

L% may be equivalently expressed as
T
L? = By ononlle — & (Vo + vI—ae)|’]
t=2

where

. B

Wy = —————
¢ at(l—O_thl)
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A continuous-time perspective



m Consider a diffusion process {Xt}z;o that starts from the data
distribution go(dz) = Tgata (dx) at time ¢ = 0. The notation ¢;(dz)
refers to the marginal distribution of the diffusion at time 0 <t < T.

m Assume furthermore that at time ¢ = 7', the marginal distribution is
(very close to) a reference distribution g (dx) = mer (dx) that is
straightforward to sample from, e.g. AV/(0,1).

m This diffusion process is the noising process. It is often chosen as an
Ornstein-Uhlenbeck (OU) diffusion,

1
dXt = —§Xtdt + th
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m OU diffusion is reversible w.r.t. mer = N(0,1): the conditional
distribution of X, 4 | Xy = x4 is N(asxy, 021), with

as=+1-02 o2=1—-¢"*°
m Denote

2
20

F(s,z,y) ocexp{—(y_asm)}.

the forward transition from x to  in " s " amount of time.
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m the DDPM strategy consists in sampling from the Gaussian
reference measure 7. at time ¢ = 7" and simulate the OU process
backward in time.

m In other words, one would like to simulate from the reverse process

;+ defined as
ys =Xr_,

m The reverse process is distributed as yo ~ Tef at time ¢ =0 and,
crucially, we have that X7 ~ 7qata -

m The reverse diffusion follows the dynamics (Hausmann, Pardoux,
1986; Millet, Nualart, Sanz, 1989)

dyt = —‘r%ytdt + VvV lOg qr—+t (§t> dt + dBt

where B is another Wiener process [the notation B emphasizes that
there is no link between this Wiener process and the one used to

simulate the forward process].
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m To simulate the reverse diffusion, one needs to be able to estimate
the score Vlog gr—¢(x).

m In practice, the score is unknown and need to be approximated

sf(:L') ~ V. logq ()

which is often parameterized by a neural network.

m Since
log :(z) = log | F (t,0,0) Tame (do0)

the analytical expression of F (¢, xq,x) gives that (Tweedie formula)

x — ayZo(x,t)
Valoggy(z) = —————
o
where Zo(z,t) = E [ Xo|X; = 2] is a denoising estimate of x( given
a noisy estimate X; = x at time ¢
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m To estimate the score, one only needs to train a denoising function
fc\g‘t(x).

m It is a simple regression problem: take pairs (Xo, X;) that can be
generated as

XO ~ Tdata and Xt = Otth + O'tZt
with Z, ~ N(0,1) and minimize the Mean Squared Error (MSE)

loss, i.e.
]

with stochastic gradient descent or any other stochastic optimization

qu,t [HXO - ﬁg“(Xt)

procedure.

m The score is then defined as
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General time reversal formulas for diffusion processes are well known
since the 80 's. Consider a diffusion process Y in R™ satisfying

dY; = by (Y;)dt + 0y (Y;)dB;, 0<t<T,

with B a Brownian motion, b a drift vector field and o a matrix field

associated to the diffusion field a := oo "

Assuming that the law of Y; is absolutely continuous at each time ¢,
under appropriate assumptions, the time-reversed process Y* is again a
diffusion process with diffusion matrix field a; = ar_; and drift field

b (y) = =br—1(y) + V- (pr—rar—) (y)/ pr—e(y),
where 11, is the density of the law of Y; with respect to Lebesgue measure.

This is not a straightforward result because a reversed semimartingale
might not be a semimartingale !.
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For the identity

b (y) = =br—+(y) + V- (pr—rar—) (y)/ pr—e(y),

to hold, it is assumed in that b is locally Lipschitz and that either a is
bounded away from zero or that the derivative Va in the sense of
distribution is controlled locally.

Haussmann and Pardoux take a PDE approach; Millet, Nualart and Sanz
rely on stochastic calculus of variations.

The existence of an absolutely continuous density follows from a
Hormander type condition (PDE formulation in Haussman et al. and
consequence of Malliavin calculus in Millet et al.).
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Follmer's approach significantly departs from these strategies. Under the
simplifying hypothesis that a is the identity matrix, the law P of Y has a
finite entropy

H(P|R) <
with respect to the law R of a Brownian motion with some given initial
probability distribution.

In particular, the drift field b of P satisfies f[o T]xR" b ()| e () ditdy <
oo and might be singular, rather than locally Lipschitz.

As a consequence of this finite entropy assumption, Follmer proves the
time reversal formula

bi (y) = —br—+(y) + Vlog ur—+(y)

(recall a = Id) where the derivative is in the sense of distributions,
without invoking any already known result about the regularity of .
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Denoising by Modeling
Vv, log p(ve|x:)

Diffusion
p(x0) Smooth Denoising

Dy,
C la
Py
Diffusion of Joint “Binal )
Distribution p(x¢, v¢) '

Smooth Diffusion

Figure 5: From Dockhorn et al. (2022)
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Feyman-Kac representation




Bayesian linear inverse problem:

Y =AX +0,Z, where Z ~N(0q4,,14,), X ~py, 0y>0.
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Bayesian linear inverse problem:
Y =AX +0,Z, where Z ~N(0q4,,14,), X ~py, 0y>0.

Objective: Sample the distribution of X given a realisation y of Y.
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Bayesian linear inverse problem:
Y =AX +0,Z, where Z ~N(0q4,,14,), X ~py, 0y>0.

Objective: Sample the distribution of X given a realisation y of Y.

Posterior

samples

Sample from pq Observation y

% =
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We focus on the specific case where the prior p, is the marginal w.r.t. z
of Denoising Diffusion Model. The posterior is

n—1

1
pian0) = 25 [ gbCaw) [T pus (@redonrn) ().
=0

m The posterior can be interpreted as the marginal of a (time-reversed)
Feynman—Kac (FK) model with non-trivial potential only at £ =0 !

m In this work, we twist, without modifying the law of the FK model,
the backward transitions Phejkt1 by potentials depending on the
observation y; see e.g. for a similar idea for rare event simulation
(see, e.g., Cérou et al., 2012).
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m Define, for all k£ € [0,n], the backward functions
53\1@(1%) = f gg(iL'O)po\k(de‘iUk)
m The backward functions satisfy the recursion:
Bhsa(@enn) = [ Buon) B (o).

m Define the forward smoothing kernels (FSK) for k € [0,n — 1]

pz|k+1(d$k‘l‘k+l) o— mpklmﬂ (dxk|xk+1) ,

(= Law(Xy | Y =y, X1 = Th41)) -
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The posterior distribution can be written in terms of forward smoothing

kernels

n—1
Ph(oo) = [ 2(on) T ptyss (@anlonsa).
k=0
where gv (@)p (dzy)
oln (Zn)Py, (dzs
Ph(den) = =

m Most of the recent works to sample from p§ use the forward
smoothing decomposition with different approximation of the
intractable forward smoothing kernels. Chung et al. (2023); Song
et al. (2023); Zhang et al. (2023); Boys et al. (2023); Trippe et al.
(2023); Wu et al. (2023).
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The DDPM is based on the assumption the forward smoothing
decomposition is a good approximation the time reversal of the forward
Markov chain initialized at pj, i.e.

n n—1
pg(dzo) H Qr|k—1(dTr|TR—1) = pY(dTy) H pZ|k+1(dxk|$k+1) :
=1 k=0

which suggests the following approximation

Pijerr (d@k|Tpt1) & /Qk\(),kJrl(dwk‘an-Tk+1)pg‘k+1(d$0‘$k+l)

where

Pojit1(dzolr41) o< pE(d20)qr-+1j0(Tk+1|20)
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(Ho et al., 2020; Song et al., 2021a) suggested to use the DDPM
approximation of the backward kernel is :

PZ|k+1(d$k|$k+1) = qrjo,k+1(dzk|E[Xo| Xp41 = Tht1, Y = Y], Tp1)

where
E[X0|Xk+1, ¥ = y] = /QZO pg|k+1(dx0|Xk+1) .
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By Tweedie's formula,

Xy + (1 — ag)Va, log pf(Xk)

E[Xo|Xy,Y = y] =

T .
where
PZ(lEk) = /pg(dl'o)%\o(l'dfﬂo)
[ a(@o)po(dzo)auo(enlao)
[ (wo)pop(daolen) py(a)
Hence,

Va, log pi(zk) = Va, log Bg, (2k) + Va, log py (k) -
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Va, log pi(zk) = Va, log Bg, (¥k) + Va, log py (@) ,

m A pre-trained score network (for V, log p, (x1)) is available.

m But the gradient of the log backward function is intractable in

practice.
Using the pre-trained approximation &, (Xx) of E[Xo|X], Chung et al.
(2023) proposed the following approximation,

Va, log B, (xk) & Va, log g5 (Zo (1)) -
They then sample approximately from the FSK in the following way;
given X/
m First sample X}, 1 ~ pkfl‘k(-|X}€’)
m Then set X} | = Xi_1 + % Va, log g (£4, (X))

m 7, is in practice a highly sensitive parameter, crucial for good
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m The DPS approximation by Chung et al. (2023) boils down to
assuming that p0|k(dxo\$k) ~ 5f0|k(mk)(dxo).

m This is a very crude approximation that becomes accurate only as
k — 0.

Song et al. (2023) consider the sample sampling scheme but propose
instead the following Gaussian approximation

o}
1+ o2

pO\k(dx0|Ik) ~ N (dzo; jo|1c(5131'a:)a7’13 Ia,), 1=

)

in which case, we obtain the following approximation
ﬂg|k(xk) ~ N (y; A:i'olk(:ck), 'r',%AAT + 0'2 Ig,).
m The Gaussian approximation above becomes exact in the case where
po = N(04,,14,) and variance exploding is used.

m Still, this is not a realistic approximation in the more general case.
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Boys et al. (2023) instead consider a Gaussian approximation Py (-|xx)
of Py (-|k):

Dok (-|zk) = argnzlinKL(poMIwk) | Mg, 2)).
K

and

Poj(-lzk) = N (E[Xo| Xy = zx], Cov(Xo| Xy = zx)) ,
where the expectation and covariance are under p; (-|zx). Under the
same assumption as previously (backward=forward), it can be shown that

1— (052
COV(X0|X]€) = WVTICE[XO‘X]"]
which may be approximated by plugging in :%O‘k(Xk) to approximate

V1, E[Xo| Xk].

m The resulting covariance approximation is not symmetric nor positive
definite.

m Extremely expensive to compute. In practice further crude 608
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Monte Carlo guided diffusion




Introduce intermediate positive potentials (g} )}_,, each being a function
on R%  and write

ph(doo) = 55 [ 9(on) b (dza)

gk Tk)
x H - Pk|k+1(d$k|$k+1)-
k=0 gk+1 k+1

m Because the g¥(z,,) [T12, % = g§(x0), the FK is not

modified - the potentials are used to render the sampling easier.
m This allows the posterior of interest to be expressed as the time-zero
marginal of a Feynman-Kac model with

m initial law p,,,

m Markov transition kernels (pk|k+1);]{;é

m Potentials g% and (zx, zx+1) = gp (1) /9141 (Thtr).
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Alternatively, the previous decomposition defines a sequence of

distributions
pi(dar) < gp (xk)pp(dzs), k€ [0,n],

where the posterior of interest is the terminal distribution at k£ = 0.

m If we have a particle approximation of p‘ZH then we can evolve it
into a particle approximation of py ~~ we recursively build an

empirical approximation of pj.

m The choice of potentials {g}:}ke[(),nﬂ is crucial; we need to ensure
that p} is close enough to p], so that we can bridge the
intermediate distributions efficiently.
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Consider the following particle approximation of p/ |

1 &

T2 06,

1=1

N,y
Pr+1

Recall that py(dzx) = [ pypy (d2k]Trt1)Pppr (dTk41),
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Consider the following particle approximation of p/ |

Recall that py(dzx) = [ pypy (d2k]Trt1)Pppr (dTk41),

gl (x1)
J a;f(.]/;(vf»;, T Prir (A2l 1)PE 1 (dTka)

i (2k)
f mpk‘k"'_l (dzk |Zk'+1)pZ+1 (dzk-‘rl)

pp(dey) =

)
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Consider the following particle approximation of p/ |

Recall that p, (dzy) = .]'pMkH(d:L'k|:L‘k+l)pk+] (dzga1),

gy (@
J ”Mi]pk\k-t,-l(dx”xk-‘rl)pk-i-l(dxk-‘rl)

y o Ir11 Tkt
Prlden) = = orGs ’
fmpk\k+1(dzk|zk‘+1)pk+1(dzk-‘rl)
and hence
9 (2k)Py (d2k|Trt1
Y(dey) o /f k k [2e) pr(dzk|Tr )Py 1 (d2ra1)
Ir1(Tht1)
=Wk (Th41)

where pj (dzg|Tkt1) < gi (Tk)Pyy 441 (d2k|211) — available in closed
form if we use a Gaussian potential with mean linear in xy.
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w/(’l+l)1’l (dzg41)
pi(dzy) = /Pk(dmkxkﬂ)/ ok (Zeg1 )p]+l (dzgy1)’
J w + e+1 ~k

N,y . . . . N,y
Assume p, Y = < Z | 0¢iis a particle approximation of p .

~+ Weight:
N

Y~y L’”l?p%(-lﬁ}iﬂ)-

N ~
=i Zj:l wy( i+1)

iid

~~> Resample: Draw A} ~ Categoric al({w] } L)) where wl o &t(fiﬂ).

~~ Mutate: Sample & ~ p¥(- |§k ’*‘) fori € [1: N],

pk - Nzéﬁk

Gordon et al. (1993); Del Moral (2004); Cappe et al. (2005); Chopin et al. (2020)
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For simplicity (and only in this slide) let p,(y) be the posterior of the

inverse problem
Y = X07 XO ~ Do >

The marginals of the forward process initialized at pj are
L = = = 1
Xk:\/akXo—ﬁ—\/l—akZ, )‘“N/)i;’ ZNN(OdMIdm),

and so

Yké\/&ky+\/1—c‘yk7, 7NN(0dy,Idy)~

m This suggests that one relevant choice of potentials is

ge(xr) = N(Vory; zr, (1 — ox)la,) -
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m More generally, we let the variance be a free parameter 05 k-
Our proposal in the general case is

pp(de) o< gf (v1)pp(dax),  gh(xk) = N (Vaky; Az, 02 1 1a,)

m This particular choice of potential allows us to compute in closed
form the auxiliary transition kernel o gz(xk)pk|k+1(dwk|xk+1) we
use for our particle approximations.

41/63



~ {p}}7_, is available in closed form for the Gaussian mixture example.
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~ {p}}7_, is available in closed form for the Gaussian mixture example.

P and p Posterior pjs,
ﬁ *f,

o

ﬂ’«* ¥

*

Figure 6: Left plot: samples from the prior py, and posterior p§. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.
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~ {pp}i_, is available in closed form for the Gaussian mixture example.

P and p Posterior pY,
ﬁ *f,

¢

ﬂ’«* ¥

*

Figure 7: Left plot: samples from the prior py, and posterior p§. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.
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~ {pp}i_, is available in closed form for the Gaussian mixture example.

P and pj Posterior pY,
Jﬁ Jl‘é

4

g«,@ ¥

*

Figure 8: Left plot: samples from the prior p, and posterior p§. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.
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~ {pp}i_, is available in closed form for the Gaussian mixture example.

P and p Posterior pg,

* #
4

@ ok

g«,@ ¥

*

Figure 9: Left plot: samples from the prior py and posterior p§. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.
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~ {pp}i_, is available in closed form for the Gaussian mixture example.

P and pj Posterior p¥,
Jﬁ Jl‘é

g«,@ ¥

*

Figure 10: Left plot: samples from the prior p, and posterior pj. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.
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~ {pp}i_, is available in closed form for the Gaussian mixture example.

P and pj Posterior p¥,
Jﬁ Jl‘é

g«,@ ¥

*

Figure 11: Left plot: samples from the prior p, and posterior pj. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.
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~ {pp}i_, is available in closed form for the Gaussian mixture example.

P and pj Posterior pY,
‘ﬁ (,IH
W ok §

: K

g«,@ ¥

*

Figure 12: Left plot: samples from the prior p, and posterior pj. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.
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~ {pp}i_, is available in closed form for the Gaussian mixture example.

P and p Posterior p}
ﬁ (,IH l

g«,@ ¥

§
: 8

Figure 13: Left plot: samples from the prior p, and posterior pj. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.
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~ {pp}i_, is available in closed form for the Gaussian mixture example.

P and p Posterior pY
ﬁ }l‘é i
W Wk 8

g«,@ ¥

4 ¢

Figure 14: Left plot: samples from the prior p, and posterior pj. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.

42/63



~ {pp}i_, is available in closed form for the Gaussian mixture example.

P and p Posterior p}
L3 ¥ {
@ Wl J

ﬂ’«* ¥

# )

Figure 15: Left plot: samples from the prior p, and posterior pj. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.
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~ {pp}i_, is available in closed form for the Gaussian mixture example.

P and p Posterior pg
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Figure 16: Left plot: samples from the prior p, and posterior pj. Right plot:
samples from the posterior proposals p] for time steps ranging from n := 500
to 0.
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~> 25 Gaussian mixture example with means
pij = (8¢,85,...,8,,84), (4,7) € {-2,...,2}

with unit convariance matrices. We randomly draw the weights of
the mixture and the forward operator A and o, for the inverse
problem ~» Vlogp, is available in closed form.

~~ 20 component mixture of translated and rotated Funnel

distributions. We learn the score and consider the ground truth to
be samples from parallel NUTS with very long chains.
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d |d, | MCGdiff DDRM DPS RNVP
80 | 1 [1.39+045 | 5.64+1.10 | 498+1.14 | 6.86+0.88
80 | 2 1067024 | 7.07+1.35 | 510+£1.23 | 7.79+£ 1.50
80 | 4 | 0.28+0.14 | 7.81£1.48 | 428 +1.26 | 7.95+1.61
800 | 1 |240+1.00 | 744+1.15 | 649+£1.16 | 774+ 1.34
800 | 2 | 1.31+0.60 | 895+1.12 | 6.88+1.01 | 8.75+1.02
800 | 4 [ 047+0.19 | 839+1.48 | 551+1.18 | 7.81 +£1.63
d | d, | MCGdiff DDRM DPS RNVP

6 | 1 [195+043 | 420£0.78 | 543+1.05 | 6.16 +0.65
6 | 3 (073£033|220+£0.67 | 3.47+0.78 | 470+ 0.90
6 | 5(041£012 | 091£043 | 207+0.63 | 3.52+0.93
10| 1 | 245042 | 3.82+0.64 | 430+0.91 | 6.04+0.38
10| 3 | 1.07+£0.26 | 4.94+0.87 | 5.38+0.84 | 591+0.64
10 5 | 071£0.12 | 232+0.74 | 3.74+0.77 | 5.11 £0.69

Figure 17: Sliced Wasserstein between samples of the target posterior and the
empirical measure returned by each method. Top: Gaussian mixture. Bottom:
Funnel mixture. We show the 95% CLT interval over 20 seeds.

DPS: Chung et al. (2023), DDRM: Kawar et al. (2022)
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~~ Diffusion models learned on different datasets of image sizes varying
from (64,64, 3) to (256,256, 3).

~> We run parallel SMCs with N = 64 particles.
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Divide-and-conquer posterior
sampling




Let (k;)%_, be an increasing sequence in [0, n] with ko = 0 and k;, = n.

Consider
PZZ (dwg,) o< 9;’31 (7, )Pki (dze),
with
ggg (xx,) = N (Var, y; Al’ke,(fikzIdy) .

m L is typically much smaller than n.

m This is the same sequence of distribution as in our SMC approach
but now we only consider a small number L of intermediate
distributions.

m Our goal is to recursively sample from each one of them without
having to evolve NV particles in parallel.

m We also want to solve the “image inconsistency” problem observed

in our SMC method.
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k:/;+171

Since
pk’g(dwkl)/{ H pj|j+1(dwjxj+1)}pk:[+l(dwk4+l)a

j=ke
we can write p%e in terms of forward smoothing kernels, i.e.

key1—1

Y, .8
o) = [{TT o a ooy okt (o)

Jj=ke

where
; Y]
ngl (dIkHJ X 51@;@“@”1 (Ik7i+1 ) pk’ul (dxka) )
N NS .
pg\'j+1(dxj|xj+1) g% 5}1:”]-(%')pj|j+1(dxj‘lj+1) )
and for all j € [ke, koy1]

T A I e
L) 1= [ gt (orpus(don ),
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Figure 18: lllustration of idealized DCPS.

Starting at an approximate sample Xk'ul from Pryys

m Use ULA initialized at X}:Hl to obtain an approximate sample from

y,l
keg1”

m Starting from X,ffl, simulate a Markov chain with transition kernels
(Y )
j\j+1 J=key1—1
m Repeat until the posterior of interest is reached.
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m The first source of intractability are the backward functions Bz£f7

m This is the same problem as before, however note that now they are
expressed as an integral under p, \,(y"'l'v,) with j € [ke + 1, koiq]
instead of p()“(-\.zg/) for j € [0,n].

m This is more convenient since we expect Gaussian approximations of
Py,);(*z;) to be more accurate than those of py ;(-[x;).
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Assume again that forward=backward. Then for j € [ke + 1, key1],

Pi,); (AT, |25) = /lelo,j(dxkAxoal"j)PoU(de“oWj)a

Let po|;(|z;) be an approximation of p; ;(-|z;) and define

Dyl (dap, |z5) = /qmo,j(d%|$O>wj)lﬁm(dv"n ;)

m For DPS (Chung et al., 2023), pgj;(dzolz;) = 6ig‘.7(m_j)(dxo).

m For Song et al. (2023), po|;(dxolz;) = N(dxo;i'glj(:rj),r? Ig,).

m In both cases, py,|;(:|7;) is computable in closed form. We write
Bl (@, 25) = N(d@iys piry 1 (25), 05y L) -

where both the mean and variance depend on the approximation

used.
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Proposition
Assume forward=backward. For all £ € [0, L], j € [ke + 1, ket1],

Vi, (1 —aj/ak,)

170&j

N

W (Bry 1 (125)s Py 5 (125)) < Wa(poj; (-|7;), poj; (-|25)) -

/O, (1 aj/ag, )

where - < 1 and goes to 0 as 7 — ky.

l—a;

m We improve upon the previous approximations by performing
Gaussian approximations on intervals [kg, k1] of moderate size.

m Our approximation of the backward function is then

L (o) Bl 25) = [ o, (o) (e o)

= N (Vo y; Aty (25), 07, ;AAT + 05 1a,) -
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Recall that the quantities of interest are
N Lo -
pg\'j+1(d$j|xj+1) o ﬁ}gm(lj)pj|j+1(dxj‘ij+1) )
0 N ) .
pZ@rl (dwk[«{»l ) X 6z[|kz+1 (:I‘k'[+1 ) pk)g+1 (d‘ka+1 ) .

Given the previous approximation of the backward function, we replace
them instead with

NINA Ay, (.
B2 (dj|2j41) o B (25) By (Al m41)

~y b Ay,
ng+1 (dxkl%»l) & *iqulk:[+1 (mk7[+1 ) pk‘z+1 (dxk5+1) 5

m Still, while now we can evaluate the density ﬁ?"fﬂ(-\xﬁl) we still
cannot sample from it.

m We can approximately sample from ﬁzgil using ULA.
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For a fixed 211 we seek a mean-field Gaussian variational approximation

of p PJ‘ +1( |zj4+1) by solving

] , 0
argmin KL%, (legn) 1| 954 Clejn),

g4 (125+1)€0D

where Gp := {N(u, diag(0)) : p € R%, 0 € R%}.

m We only learn vectors (p, o) that depend on the value of ij_,_el and
do not seek to generalize as this incurs problem dependent, heavy
training.
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s y, 4
Letting TJ|J+1( |XJ"+1) = N(pY

Y.L
j|j+1>diag(esj”“)) where sY € R,

J\J+1

KL(r Xyt

~y, 0 12
j|J+1( | 7+1) | pg\j+1( | X }IJ+1))

= ||H = [l 1(X )2
g + l7+1 g3+ i+l
_E[logﬁfm( ijH dlag(e "1+1)Z)] + JlJ J

PN
1 & e’ili+1,i
Y j\j+1 i 2 |
2 O-m\m-&-l

m We perform the optimization using SGD.

2
2 U’m |m—+1

m Crucially, we normalize the gradients to ensure the stability of the
training procedure.

m In practice, we only perform 2 or 3 SGD steps.
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We now turn to the Langevin steps on plw“

As the marginals (p,)}l_, approximate the true marginals of the forward
process initialized at the data distribution 7, we may use

sp(xr) = —(zk — Vordf(zx)) /(1 — o),
as a substitute for V,, log p, (zx), following Dhariwal and Nichol (2021).

We sample approximately from ﬁ'kﬁl by running M steps of the Tamed
Unadjusted Langevin scheme (Brosse et al., 2019)

X+1—X +’}/Gy£ +\/ XO—X]erla (1)
where ,
Vlogﬁ () +s¢  (x)
’Z . k[‘k/ 1 ké+1
GY (= s

T 1+IViog AL, @)+l @]

Yyl _ ,
and set Xlirl = Xy,
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: : Yy ~y
Given an approximate sample in+1 from Dhyiy

m Run TULA starting from Xyerl to obtain X,'Zz’il approximately

distributed according pkH]

m Sample (X ?lf);wz koy,© Given X;ﬁfl with j € [ke, ko1 — 1],

m Find variational approximation r¥, 1 +1( |XJy’+1)

m Draw X;.J’Z ~ ¥t XYE).

Jli+1 J+1

m Repeat these steps.
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m Same 25 Gaussian mixture example.

m DCPS), refers to our algorithm with M Langevin steps at the
beginning of each block.

m We use L = 4.

m We also estimate the empirical weights of each Gaussian mixture
mode and compare with the ground truth.

dy =10, dy, =1 dy =100, d, = 1

SW Aw \ SW Aw
MCGDiff 2.25/2.69 +2.07 0.32+0.20 2.72/313+1.76  0.42+0.19
DPS 3.12/5.64 £8.45 0.20 +0.12 4.29/4.93+4.85 0.35+0.25
DDRM 2.66/3.06 £ 1.90 0.36 +0.16 5.97/6.26 +£2.33  0.52+0.19

DCPS50 1.95/2.70 £2.28 0.17+0.25 4.40/4.72+£2.18 0.44+0.16
DCPS500  1.26/2.59 +2.83  0.13 +0.30 2.81/3.22+221 0.32+0.18

Table 1: Results for the Gaussian mixture experiment. Results for the SW 60 /63
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